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ANCA M. MUSTATA AND ANDREI MUSTATA 

■ Abstract. For a local embedding of Deligne-Mumford stacks g : Y X, we find an 

etale cover of X by a (non-separated) Deligne-Mumford stack X' such that the fiber 
product Y' = g{Y) Xx X' is a finite union of etale covers F/ of Y , and such that the 

• maps Y' —f Y and X' X are universally closed. Moreover, a natural set of weights 
on the substacks of X' allows the construction of a universally closed push-forward, 

Mh , and thus a comparison between the Chow rings of X' and X. In the case when X is 

• the moduli space of stable maps or one of its intermediate spaces, the Chow ring of X' 
has been introduced and calculated in [MMl] as an extended Chow ring of a network. 

. . Here we identify the corresponding stack X' and its moduli problem in terms of stable 

\^ ' maps with marked components. We apply the construction above to computing the 

, Chern classes of a weighted blow-up along a regular local embedding via deformation 

• ■ to a weighted normal cone and localization. We apply these calculations to find the 

'■^ ' Chern classes of the stable map spaces. 



(N 

i Introduction 

Local embeddings form an important class of morphisms of algebraic stacks. For 
I instance, the morphisms from the components of the inertia stack of a Deligne-Mumford 

CN ' stack into the stack itself are in general local embeddings. As another fundamental 

. example, the diagonal morphism of a stack is a local embedding and thus, the local 

Q I study of this type of morphisms has led to a good definition of an intersection product 

on smooth Deligne-Mumford stacks by A. Vistoli [V], with a subsequent simplification 
by A. Kresch [K]. Their work relies on the existence, for any local embedding Y ^ X, 
^ ' of an etale cover V ^ Y, such that the composition V X can be factored into a 



■ closed embedding V U followed by an etale cover U —>^ X. Based on these covers, the 

normal cone of a local embedding ([V]), and a deformation of the ambient stack to the 
normal cone ([K]) can be constructed. However, these constructions are local in essence 
and as such, they fail to completely encode information on global invariants like Chern 
classes, or Chow ring structures, and cannot be directly employed in Riemann-Roch 
type theorems like the Riemann-Roch without denominators as formulated for closed 
embeddings of schemes. 

In this paper we replace the local construction above by one more suited to the 
purposes just mentioned, at the expense of working with non-separated stacks rather 
then separated schemes. Theorem 1.9 highlights the existence, for every local embedding 
g : Y ^ X, oi an etale cover by a stack X' — > X, such that Y' := g(Y) Xx X', a finite 
union of etale covers Y- of y, is embedded in X' , and such that the morphisms Y' -^Y 
and X' ^ X are universally closed. Moreover, the morphism X' ^ X is an isomorphism 
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outside the image of Y. Thus the study of loeal embeddings can be reduced for practical 
purposes to that of closed embeddings of stacks. 

While the map p : X' X is forcefully not proper, it is universally closed. A 
weight function w on the set of substacks of X' is naturally attached to the map p, 
referring to the number of possible extensions of maps involved in the valuative criterion 
of properness. This "probabilistic weight" contributes to a good definition of push- 
forward p^ between the Chow rings of X' and X, an extension of the usual definition 
of proper push-forward to this type of universally closed maps. In effect, the Chow ring 
A{X) is a subalgcbra of A{X') whose additive structure can be recovered from A[X') 
via the universally closed push- forward . 

One advantage of our construction comes from the fact that for a suitable etale 
cover U oi X, we take into account the entire pullback of that cover to the locally 
embedded Y. Locally, in the neighborhoods of some points in U, this pullback may 
consist of a number of intersecting components. Their intersections contribute essentially 
to the structure of the morphism y — > X; in a first instance, to the associated flat 
stratification of X. For this reason we encode them in a network of morphisms of stacks, 
a stack version of the configuration schemes of [L]. In [MMl], we have defined the 
extended Chow ring of such a network. In Theorem 1.18 we prove that this extended 
Chow ring is isomorphic to A{X'). In particular, in the case of the moduli space of 
stable maps and the local embeddings of its boundary divisors, the extended Chow ring 
has been calculated in [MMl]. In Theorem 3.4 we now identify the corresponding stack 
Mo^„(P",(i) and formulate its moduli problem in terms of stable maps with marked 
components. 

Our approach is relevant, for instance, when considering a blow-up along a local 
embedding. Let us return to the initial picture of a commutative diagram 

V 



Y ^X, 

where the top map is an embedding. Then simply taking the blow-up of U along V 
does not lead to an etale cover of a complete blow-up of X along Y, due to a break 
in symmetry at the level of relations. Indeed, in small enough neighborhoods around 
each point in U, one needs to consider blow-up along each of the components ofYxxU 
before defining the etale cover for Bly X. 

Weighted blow-ups form a class of morphisms with a variety of applications. They 
come up, for example, when considering variation of GIT. As algebraic stacks provide 
a natural context for the study of weighted blow-ups, this class may be extended to 
weighted blow-ups along regular local embeddings. Moduli spaces of (weighted) curves 
and (weighted) stable maps are examples for which this type of morphisms comes up 
naturally. 

As an application to the universally closed etale cover construction, blowing up 
Chern classes along a regular local embedding is reduced to the case of regular embed- 
dings. The basic idea of this computation, like in the case of schemes, is to retrieve 
the Chern classes from their pullback to the exceptional divisor, for example via the 
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Riemann-Roch without denominators formula ([F]). However, when weights are consid- 
ered, a less standard approach is necessary for the retrieval step. By a deformation to 
a "weighted normal cone", we reduce the problem to the case when both the blow-up 
locus and the exceptional divisor arc fixed loci for C*-actions making the blow-down 
morphism equivariant. The Atyiah-Bott localization theorem then means that the class 
of the exceptional divisor can be inverted, allowing us to retrieve a class on the blow-up 
from its pullback to the exceptional divisor. 

The paper is organized as follows: In the first section we construct the universally 
closed morphism which turns a local embedding Y ^ X into an embedding. The first 
step is the case when the local embedding is etale on its image. The general case is 
reduced to this situation by flat stratification. A network of local embeddings depending 
on the etale structure of the strata is highlighted in section 1.2, and X' is constructed by 
induction on strata, such that all the local embeddings in the network are replaced by 
embeddings. In section 1.3, universally closed morphisms and push-forwards associated 
to probabilistic weights are defined. The existence of an isomorphism between the Chow 
rings of X' and of the correspondent network, as introduced in [MMl], is proven, and the 
relation between the Chow rings of X and X' is discussed. The example of the moduli 
space of stable maps is discussed in 1.4. The second section of the paper contains the 
calculation of Chern classes for weighted blow-ups. The third section is dedicated to the 
example of the stable map spaces and its intermediate weighted stable map spaces. The 
Appendix discusses the Euler sequence of a weighted projective bundle. Although the 
this sequence is most likely known, we could not find a proof in the literature, and thus 
decided to carefully trace the sequence through the groupoid presentation the weighted 
projective bundle. 
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grateful for the hospitality of both institutes. The authors were partially supported by 
a Science Foundation Ireland grant. 



1. The UNIVERSAL LIFT OF A LOCAL EMBEDDING 

The stacks in this article are assumed to be algebraic in the sense of Dclignc- 
Mumford, integral, Noetherian, and all morphisms considered between them are of finite 
type. 



1.1. The lift of a local embedding etale on its image. 

Definition 1.1. Following [V], we will call local embedding any rcprcsentable unramified 
morphism of finite type of stacks. A regular local embedding is a local embedding which 
is also locally a complete intersection. 
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Given a local embedding Y ^ X, hy Lemma 1.19 in [V] there is a diagram 




the vertical morphisms being ctale covers and gi being a closed embedding of schemes. 
Let V be the scheme representing the fiber product Y Xx U, with the induced map 
g : V ^ U, and the image of g denoted by W. As Vi ^ 1" and V ^ Y are etale, then 
so must be the induced morphism h : Vi V. Since Vi ^ ?7 is an embedding, then 
so must be Vi V. We write V = Vi Li V2, where V2 is the closure in F of F \ Vi. In 
fact, Vi and V2 are disjoint, as the map V = V1UV2 Y is etale. Denote by pi the 
restriction pi : Vi ^ Y, hy Wi the image of in C/. 

Furthermore, if the morphism g is ctalc on its image, then by the etale lifting 
property ([G] I, Proposition 8.1.), Vi and U can be chosen such that 

Vi = g{Y) XX U, 

and as such, there is an etale morphism g : V ^ Vi with the property that goii = id Vi . 

We recall the etale groupoid presentation [R ^ U] of the stack X, given by the 
two projection morphisms R := U XxU ^ U, together with canonical morphisms e, m, 
and i. Here the identity e is the diagonal morphism e : U ^ U XxU, the multiplication 
m is 

m:=Tri3:U XxU XxU ^ {U Xx U) Xu {U XxU)^U Xx U, 
and the inverse morphism i -.U XxU U XxU switches the two terms of the product. 

Notation. Let 

Sij := Im {(f)ij -.ViXyVj ^U Xx U), 
for the map (pij given as a composition 

Vi XyVj^V XyV = V Xy{Y XxU)^V XxU ^U Xx U. 

We denote by R' the subset 

R':=R\ {S12 U S21 U {S22 \ Su)) U Im e. 



From now on let g : Y ^ X he a closed local embedding. Then Sij are closed 
subschemes of R. In general ^22 \ Sn might not be closed, but it is so in the case when 
g is etale on its image, for dimension reasons. As U is an etale cover of X, then the 
diagonal e : U U Xx U is an open embedding, and thus, under the above condition 
on g, the subscheme R' of R is open. 

Proposition 1.2. Let g : Y ^ X be a closed local embedding, etale on its image. The 
restrictions si, S2 R' ^ U of the two projection morphisms R ^ U, together with e, 
and with the restriction of m to R' Xu R' and of i to R' form the grupoid presentation 
of a Deligne-Mumford stack X' . 



Proof First note that if {i, j} = {1, 2}, then 512 n = and 521 n = 0. Indeed, 

U XxU ^ViXxU ^ViXy x{Y Xx U) = Vi Xy (Vi U V2) = (F Xy Vi) U (Vi Xy V2). 
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We also note that R' may be written alternatively as a difference 
R! ■.= R\ (5i2 U ^21 U S22 \ {Sii U Im 63)), 



where 62 is the composition of the diagonal V2 — > V2 Xy V2 with the morphism V2 Xy V2 — > 
U Xx U. Indeed, there is a sequence of consecutive Cartesian diagrams 



where the vertical maps are diagonal morphisms, with V2 Xy V2 ^ V2 Xy and V XyV = 
V XxU. This implies that ^22 n Im e = Im e2. Also, S12 Ci Im e C 512 n Su = 0, and 
symmetrically 5i2 fl Im e = 521 H Im e = 0. 

As by construction R' is both symmetric and reflexive, the existence of a groupoid 
structure [R' ^ U] reduces to checking the closure of R' under multiplication. We note 
that for k, I G {1, 2}, the prcimagc 



But W Xx U is the image of V Xx U = Ujjg{o,i}^ Vj, namely Ujjg{o,i}'S'y- 

The injectivity of 51 : Fi — > [/ directly implies 7ri3(S'ii xjj Su) C ^ii while 
T^isiSu Xu Im 62) C S\i n S'22 and 7ri3( Im 62 Xjj Im 62) C Im e. Thus the multipli- 
cation m is well defined on R' . 



Remark 1.3. Elementary constructions similar to the above can be done directly in 
some cases when the local embedding g : Y ^ X \s not etale on its image. A nice 
example is the case when an etalc cover V = V1UV2 oiY can be found such that both Vi 
are embedded in an etale cover U oi X and V = Y XxU . In this case a natural choice 



for R' is R' = R\ {S12 U S21) as n S12 = Sn D S21 = S22 n S12 = S22 n S21 = and 



the multiplication map is thus well defined. In the general case of a local embedding 
though, an indirect construction X' will better reflect the structure of the map Y ^ X. 
However, Proposition 1.2 will prove instrumental in that construction. 

With the notations from the previous proposition, the following also holds. 

Proposition 1.4. There exist a natural embedding Y ^ X' and an etale map X' ^ X 
making the following diagram Cartesian 



V2 ^ V 

i i 
V2XYV ^ VxyV 



u 

I 

UxxU, 



T^isiSki) CW XxU xxW^iW XxU) Xu {U xx W). 



n 



Y 



^X' 



9{Y) 



X 




R ^ U being etale, the natural 



U 



U 
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induces an etale morphism of stacks X' X. Next we check that V\ = Yxx'U, namely 
that the diagram defining a groupoid morphism 

Vi Xy Vi — ^ i?' 

W- J-J- 

Fi — ^ U 

is Cartesian. Indeed, 

V xyV xxU xu {U xxU) = V xu R 

and therefore 

V xu R' = {V xyV) xr R! ^ {Vi Xy Vi) U 022H'5ii U Im 62), 
and by restriction to V\ , 

Vi xuR' = Vi Xy Vi. 

This proves the existence of a natural embedding of Y in X' such that its composition 
with the etale map X' ^ X yields the local embedding of Y into X. 

At the beginning of this section, the cover Vi of Y was constructed as a fiber 
product Vi = g{Y) xx U, and thus Vi Xy Vi = Vi Xu R! ^ g{Y) Xx R', forming an 
isomorphism of groupoids 

[Vi XY Vi ^ Vi] ^ [g{Y) XX R! =4 g{Y) xx U] , 

which induces an isomorphism Y = g{Y) Xx X'. □ 

Although the groupoid presentation of the stack X' depended on particular choices 
of covers for X and Y, the stack X' is uniquely defined by a universality property, which 
can be expressed in terms of moduli problems as follows 

Theorem 1.5. There is an equivalence of categories from the category of morphisms 
Z ^ X' defined on stacks Z of finite type to that of morphisms Z ^ X endowed with a 
section 

s:g{Y) XxZ^YxxZ 
for the etale map Y Xx Z ^ g(X) Xx Z. 

Proof. Indeed, at the level of objects, given a map Z ^ X' from a scheme of finite 
type Z into X' and its composition with the etale map X' — > X, there is an induced 
isomorphism 

g{Y) XX Z^ (giY) Xx X') Xx'Z^Y Xx' Z, 
and a natural map Y Xx' Z Y Xx Z which, when composed with the etale map 
gz ■ Y Xx Z ^ g{Y) xxZ = Yxx'Z, yields the identity map. 

Consider now a scheme of finite type Z and a morphisms Z ^ X represented by 
a morphism of groupoids 

Rz — > R 

W- w 

Uz — U 

Assume that there is a section s : g{Y) Xx Z ^Y Xx Z of gz -Y Xx Z g{Y) Xx Z, 
represented by the groupoid map 

ViXuRz — ^ V Xu Rz 
ViXuUz — > VxuUz. 
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Then the map Rz R factors through Rz R' ^ R. Indeed, as the restrictions of R 
and R' to U \ Im Vi coincide, it is enough to show the factorization of groupoid maps 

ViXuRz ViXuR' ViXuR 

W W W- 

ViXuUz ^ Vi ^ Vi 

The map Vi Xjj Uz Vi is the composition of Vi xu Uz V Xu Uz above with the 
natural maps V Xu Uz V Vi^ while Vi xjj Rz — > Vi Xjj R' \s the composition 

ViXuRz VxuRz VxuR = V xyV -> ViXyV = VxuR' ViXuR' = ViXyVi. 

Together these maps induce the desired morphism Z ^ X' . A direct check shows that 
the constructions above are functorial, and that the two functors constructed between the 
category Horn (Z, X') and that of morphisms Z ^ X with the extra property specified 
in the hypothesis are inverse to each other. □ 

Remark 1.6. Although the embedding Vi ^ V does induce morphisms Vi xu Uz — ^ 
V Xu Uz and Vi Xu Rz V Xjj Rz, together these induced morphisms do not in 
general form a morphisms of groupoids, as they are not necessarily compatible with the 
multiplication on Rz- In particular, when Z = X, our construction does not imply the 
existence of a section for Y 9{Y), or for X' ^ X. 

1.2. The etale structure of a local embedding. Consider a local embedding of irre- 
ducible, proper, Noetherian stacks g : Y X. Let {Si}i be the flattening stratification 
for the morphism Y — > g{Y), and let Yn ^ Yn-i ^ ... ^ Yi ^ Yq = Y he a, filtration 
of Y consisting of the closures g^^{Si) in Y, for all i as above. Thus the restrictions of g 

gn-.Yn^giYn), g"n-i ■ Yn-1 \Y^ ^ g{Yn-i \Y^) , g^^ : Y \Y, ^ g{Y \Y,) 

are all etale. 

Proposition 1.7. There exist an etale cover U of X and closed subschemes {Wi}i^l 
with intersections Wj = Hie/ f^f ^ ^ ViL), such that 

UieL Wl = 9{Y) XX U, VJi^v.Wi = g{Yu) xx U 

for all k = 0, n, for some suitable choices of subsets Vk C ^{L), and such that for each 
I as above, there exist sets of etale covers {V^"}aG{i,...,dfc} o/Yfe with bijective morphisms 
ya yYj. standing over gk -Yk ^ 9{Yk) satisfying 

YkXxU= U F/. 
ieVk,ae{i,...,dk} 

Proof. The cover above can be constructed inductively on flattening strata. As a first 

step, an etale cover f/„ of X can be chosen by successive application of etale lifting, such 
that Vn ■= Yn Xx U = UaVn, where each is an etale cover of Yn such that the lift 
hn : Vn ^ Un of gn is an embedding on each V^. If Yk Xx U = U/GPfc,ae{i,...,rffc} ^/ 
satisfying the required properties have been found for all k > i for a suitable choice 
of cover f/j+i of X, then the covers Ui ^ X and Vf" Yi with I ^ Vi can be found 
by a local construction around the closed points in the image oi Yi Xx Ui+i — > J7j+i. 
While for points in the image of (1^ \ l^+i) Xx t^i+i etale lifting provides a suitable 
cover, for a closed point z of Im {hi+i : Kj+i Xx U+i Ui+i), there is an open 
neighborhood Wz C C/j+i, an etale cover Wz, and an open subset V} in Yi Xx Wz 

with an embedding h\ : Vz ^ Wl. We take W} to be minimal, in the sense that 
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all its components are required to intersect the image of V^, otherwise they are simply 
discarded. The complement Vz of in Yi Xxhl(V^) then is locally immersed in kKV^), 
and thus the previous steps can be repeated as needed. Moreover, the degree of the map 
Vz — > hl{Vz) at the preimagcs of z in l^+i xx hl{Vz) is smaller than that of the 
map Yi Xx hl{Vz) hl{Vz)- This guarantees the finiteness of the process. On the 
other hand, Yi Xx {W} \ h\{V})) is also locally immersed in Wj \ h\{Vz ) and therefore 
the construction can be repeated in this direction as well. Finiteness of the process is 
guaranteed by the finiteness of the number of components of g{Yi \ l^+i) Xx Wz, while 
the fact that the stacks are Noetherian allows the construction above to be completed 
with the choice of a finite number of suitable closed points z as above. □ 

Notation. For each index / G "Pfc as above, consider the stack Yj having Vf- as an etale 
cover, with relations defined by increasing induction on k as follows. First let Yq^ := X 
with the given presentation [i?0 := U Xx U ^ U]. When / = {i} G Vi, then Yi = Y, 
having thus a groupoid presentation Ri ^ V^'* where 

Ri = Vt xy Vt ^WiXxWi\ U 

where Sf^ = Im (F-" Xy Wi Xx Wj). Then for any I € Vk, define 

Ri = {ll)R,Ri, 

iei 

where (11)^0 denotes the fiber product over R^. Thus for any K,J there is a natural 
isomorphism RjuK — R.J ^Rjnx Rk- '^^^ groupoid structures [Ri z^V^ = W-^ induce 
a groupoid scheme [Ri z^Vj = Wi\ over Wi = {Y\.i^i)uWi- Let Yi denote the stack 
associated to this groupoid scheme. By induction we obtain that for a fixed index a, 

Ri = V^ XY,V^^WiXxWi\ U St^ 

Remark 1.8. Although the stacks Yj are not fibered products of stacks Yi with iei, 
they can be constructed intrinsically from a succession of fibered products, after removing 
the diagonal components. In particular, their definition above implies the existence of a 
closed embedding 

iei 

and thus the stacks Yj are proper, Noetherian. 

Also from definition, y/u{/i} ^Yj = Ujd/ | j\/|=i > thus an inductive 
calculation yields, for all I EVk and J EVi such that I D J 

(1.1) YiXy^Vf^ □ V^, 

including as many copies of as there are chains D K^-i D ... D Ki+i D Ki = J 
with KieVi. When J = 0, 

(1.2) YiXxU^ □ V^. 

a,KkDKk-i^...DKi^Ko=9 

For any local embedding Z ^ T defined on an integral stack Z, let [Z T] 
denote the degree of the fibre at the generic point of the image. For K D J such that 
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\K \ J\ = k — j, the following relations thus hold 

j-k 

K=KkDKi,_iD...DKj+iDKj=J i=l 

= Nik,j)ll[YK,_,^YK,] 

i=l 

for a fixed choice of chain, where N{k,j) is the number of all chains K = Kj^Zi -f^fe-i D 
... D Kj+i ^ Kj = J as above. Thus ii K eVk, J & Vj and I e Vi satisfy K D J D I, 
then by a count of chains 

(1.3) [Yk^Yj][Yj^Yj] 



\{KkGVk;KkD I}\ 



[Yk ^ Yi] \{Kk G Vk-, Kk D J}\\{Kj G Vf,K, D /}| 

Theorem 1.9. Consider a network of local embeddings 4>j -.Yj —>■ Yj for I J, I ^ Vi 
and J & Vj, associated to a local embedding Y ^ X by the construction above, where 
by convention Y^f = X. For each such morphism cpj, there exists a unique embedding of 
stacks (f)'j : Yj ^ Y/, together with etale morphisms pj : Yj —>■ Yj and pj : Yj —>■ Yj 
making the diagram 




commutative, and such that 



YjXY,Yl= □ Yj,. 



Proof. We construct Yf in decreasing order of 7, with Y/ = Yj for I maximal. For 
/ G Vn-i, the stack Nj := |Jj37 Yj comes with an etale map nj : Nj ^ Yj and the etale 
cover 

\JWj^ ni{Ni) XYj Wi. 

JDI 

Yj is constructed as in Proposition 1.2, such that it admits 

(1) a surjective etale morphism to pi : Yj Y/, 

(2) an embedding Nj ^ Yj whose composition with pi is n/, 

(3) an etale cover Wi satisfying Yj Wi = Wj, and 

(4) a groupoid presentation R'j ^ Wi given by 



^ac 
^Ik ■ 



{j,b)i^{i,a);i&I {k,c)y^(l,a);k,l^I 

Given any k < n — 1, I G Vk and assuming the stack Yj with the above properties con- 
structed for all J D I, the network stack Nj is defined out of all stacks Y^^^^^^ , by gluing 
each pair Y/^^^^^ and Yj^|^,| along Y^^^f^ as in [AGV], Proposition A. 1.1 and Corollary 

A. 1.2. Accordingly, Nj admits a natural groupoid presentation [\Jj^j R'j ^ [jj^jWj], 
where the unions are considered inside U Xx U and U, respectively. From here, the 
composition maps Yy^^^j ^/u{/i} ~^ Yj glue together to a morphism Nj Yj which 
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is etale on its image, and the construction can be repeated to obtain the stack Yj with 
the desired properties (l)-(4). 

At the final step, the stack X' admits a groupoid presentation [R' ^ U], with 

R' = UxxU\ \J St^. 

□ 

1.3. Chow rings and universally closed pushforwards. The stacks Y/ arc in general 
non-separated. However, they do satisfy the existence part in the valuative criterion of 
properness. 

Definition 1.10. A morphism of stacks f : F ^ G will be called universally closed if 
it is of finite type and, for any complete valuation ring R with field of fractions K and 
any commutative diagram 

Spec(if) F 

f 

Spec(i?) — > G, 

there exist finite extensions K' of K such that, for the integral closure R' of R in K', 
the composition morphism Spcc(K') —>■ F extends to Spec(i?'). Like in [V], we are 
mostly interested in stacks having coarse moduli schemes. Then by Proposition 2.6. and 
Definition 2.1 in [V], the image of such a morphism of stacks is defined and the definition 
above is a natural extension to stacks of the notion of universally closed morphism of 
schemes. 

Definition 1.11. Consider a universally closed morphism of stacks f : F ^ G. A 
probabilistic weight u; of / is a map defined on the set of all integral substacks of F, 
with values in the interval [0, 1], such that the weight of the generic point of F is 1 and, 
for any commutative diagram like in Definition 1.10, 

i 

where D is the image in F of the unique point in Spec{K), and Pi are the images of the 
closed point in Spec(i?') for all map extensions Spec(i?') ^ F as above. 

Definition 1.12. Given a universally closed morphism of integral stacks f : F ^ G 
with probabilistic weight w, let 

MV]=wiV)deg{V/W)[W] 

for any closed integral substack V of F, where W = f{V) and deg(y^/Pl/^) is as in 
Definition 1.15, [V]. A homomorphism : Zif.(F) — > ZkiG) is then defined by linear 
extension. 

Proposition 1.13. The homomorphism /* : Zk{F) —y Zk(G) induces a well defined 
universally closed push-forward homomorphism /* : A^^F) Ai;{G). 
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Proof. Propositions 3.7 in [V] and Proposition 1.4, [F] deal with the proper push- forward 
in the cases of stacks and schemes, respectively. The difference for universally closed 
maps lies in the proof of the later, in the case when dimF = dimG. The case when 
/ is finite is identical to Case 2 in Proposition 1.4, [F]. Following [F] closely, we take 
normalizations of the source and target, and the problem is thus reduced to the case of a 
universally closed morphism of normal varieties. Let Whe a codimension one subvariety 
of G, let A be the local ring of W on G, and B the integral closure of the A in the 
field k{F) of rational functions on F, such that B is a discrete valuation ring. Then by 
Definition 1.10, for each maximal ideal nii of B there is a finite number of codimension 
one subvarieties Vj of F such that B dominates, and is therefore equal to, the local ring 
of each V-' in X. Then for any r G k{F)*, 

J2 OTdyi{r)deg(Vl/W)= OTdw{N{r)), 

i 

where for each i a choice of the index / has been fixed, and N{r) is the determinant of 
the fc(G)-linear endomorphism of k{F) given by multiplication by r. Finally, 

/.[ div (r)] = J2 ordyi{r)aV^] = ordyiir)w{V^) degiV^ /W)[W]. 

For i fixed, ordyi(r) deg{Vl /W) is constant and J2i'^{^i) = w{F) = 1 from Definition 
1.3. Thus 

/4div(r)] = ^ OTdw{N{r))[W] 
w 

like in the case of proper morphisms. This finishes the part of the proof specific to the 
universally closeness of /. □ 

Universally closed push- forwards enjoy the usual properties of their proper rela- 
tives: for example, they commute with flat pullbacks, and the usual projection formula 
holds for / universally closed and flat. 

Proposition 1.14. Let g :Y ^ X be a local embedding and let X' be the corresponding 
etale, non- separated lift of X constructed in Theorem 1.9. Then the morphism p : X' ^ 
X is universally closed, and admits a probabilistic weight w. 

Proof. Let denote the generic points of Yf, with ^0 the generic point of X' . With the 
notations from equation 1.3, deflne 

for any I eVk- Then equation 1.3 becomes 

(1.4) w{^i)= [Yj^Yi]wiCj). 

JeVj,JDi 

As {^/ \ (Ujd/ Yj)}i forms a locally closed stratification of X', the generic points of any 
integral substack D of X' will be found in exactly one of the above strata. Wc extend 
w to a function on all points of X' by identifying w{D) with the weight of its associated 
stratum. 
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The universally closeness property will result during the proof that ttJ is a proba- 
bilistic weight oi p : X' ^ X. Consider a complete discrete valuation ring R with field 
of fractions K, a commutative diagram 

Spec(i^) ^ X' 

V 

Spec(i2) ^ X, 

such that the image go in of the generic point of Spec(i?) lies in a stratum Y'^ \ 
(IJ^-^jY^), and the image q\ in X of the closed point of Spec(i?) lies in Im (Yj \ 
\Skz>J^k ^ X) for some J D /. Since (F/ \ ^k^jY'j^)) = {Yj \ {[Jk^iYk)) and Yj 
is proper, there is a unique extension v' : Spec(i?') ^ 1/ of a composition Spec(i^') — > 
Spec(i^) — ^ X', with the notations of Definition 1.10. Let gr G Im {Yj Yj) be the 
lift of qi through this extension. Then through each point in the preimage of q in X' 
there is a unique lift in ^ X' of the map v' . The generic point of each such lift has 
to be qo, because the map pi : Y^ ^ Yj restricts to the above mentioned isomorphism 
(y/ \ {[Jxdi ^k)) — \ (Ukd/ ^k))- Let Pi be the images of the closed points of these 
lifts. They all have the same weight w{^j). Then by equation 1.4, 

wiqo) = ^w{pi), 

i 

which proves that u; is a probabilistic weight for the universally closed morphism p. □ 

Corollary 1.15. For each i G {0, ....,n} and I G Vi, there is a universally closed push- 
forward map : AkiYj) — > Ak{Yi), such that 

P[i*] °P[i] = d- id: Ak{Yi) Ak{Yi), 

where d is the degree of the morphism Yj ^ Yj. In particular, the fiat pullback p*j^ is 
infective. 

By convention, X' = Y^, and thus the Corollary shows how A{X) can be regarded 
as a subalgebra of A{X'), and how classes in A{X) can be recovered from A{X') via 
push-forward. 

Consider a local embedding cf) : Y X with etale covers U for X and V for 
Y defined as in Section 1.2. Assume that all maps (pj : Yi ^ Yj arc local regular 
embeddings. An extended Chow ring of the network {(pj : Yj — > Yj}i^j, was introduced 
in Definition 3.6 of [MMl]. We recall this definition with a slight variation that does 
without the action of a symmetry group on V. 

Notation. Fix J and J U {h} G V. For any cycle a = [V] e Zi{ Im (l7u{h} ^ Yi), let 
o/i S ^l(yi\j{h}) be defined as follows: 

= 

where {V"^}i are the Z-dimensional components of {(t>\h)~^^)- 
Definition 1.16. The vector spaces ^;({y/}/cjv; Q) are defined by 

Al{{Yi}i^N-M ■■= e^Z'— dimzn(y^)/ 
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the sum taken after all / G "P with codim^ Yi < I. The equivalence relation ~ is 
generated by rational equivalence together with relations of the type: 

h' 

for any cycle a E Zi{lm (Y/u{fe} ^Yi))- 

The field of coefficients Q will be omitted in the notations throughout the rest of 
the text. 

Definition 1.17. Multiplication is defined as 

in A*iYiuj), for any two classes a G A*iYi) and (3 G A*{Yj). Here 4'iujA'iuJ 
(generalized) Gysin homomorphisms, as defined in [V]. 

Theorem 1.18. The following rings are isomorphic 

A{X') ^ A{{Yi}icn). 

Proof. Compositions of the fiat puUbacks pj with the push-forward of embeddings (f)f^ 
add up to a morphism 

eicNA{Yi) ^ A{X'). 

which moreover factors through 

F : A{{Yi}icn) ^ A{X'). 

Construct an inverse as follows. For each J C iV, let Uj denote the complement in Yj of 
all the images of Yf, with J C /. (To define this complement one can work with supports 
of the corresponding coarse moduli schemes, but there is a canonical stack structure on 
Uj). Note that Uj = Yj\ (IJ/cJ ~^ ^j)) ^ "^Q^^- Working with the commutative 

diagram of open/closed exact sequences 

®WjMYju{k}) A{Yj) A{Uj) 

Pju{k} P*j 

®k^jAiY}^^^^) AiY}) A{Uj) 0. 
one finds, for each a'j € A{Yj), classes aj € A{Yj) and a'ju^j^j G ^(■^ju{fc}) such that 

"J = PjO^J + l^<t>j^^ «ju{ik}- 

Reiterating this argument one finds a collection of classes [a/] G ®iA{Yi) for all I 
containing J, such that 

ID. J 

The choice of [aj] is unique up to the equivalence relation ~. Indeed, if J2idj Pj'Pji^Pi = 
then 4'j*Pi = by Corollary 1.15, or, equivalently, (3j = —J2iz)J'^J*f^^- After 

applying the equivalence relation to each /3j can then be replaced by a sum of 

classes from A{Yj) with I D J, and induction on the index set can then be applied by 
Lemma 3.13 in [MMl]. When J = 0, the collection [aj] G ®iA{Yi) defines the desired 
inverse of F. 
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□ 



2. The Chern classes of a weighted projective blow-up 



Let i : Y ^ X he a regular local embedding of stacks, and consider a groupoid 
presentation R ^ U of X such that Y Xx U = \_\^Vi has all the properties in 1.2. The 
blow-up X = Bly X oi X along Y has groupoid presentation 

X=[Bl{y^^^y^y^R^Bl^y^y^ U], 

where the blow-ups arc taken in the same fixed order on the etale cover as on relations. 
U p : X' X is the universally closed etale cover constructed in Section 1, there is a 
Cartesian diagram 

/' 

X' — ^X' 



X 



f 



X, 



where X' is obtained by blowing-up X' along the regularly embedded Y^ in the same 
order as above. As 

for Pi : Yl ^ Y , and the map between exceptional divisors qi : E[ calculating 
the Chern invariants of X reduces to the calculation for X' due to Corollary 1.15. We 
can thus reduce the problem for a regular local embedding to that for a succession of 
regular embeddings. If, moreover, the ideals Zi of y/ have compatible filtrations with 
weights such that weighted blow-ups can be defined, then the above reasoning applies to 
weighted blow-ups as well. 



2.1. Weighted projective blow-up and locally trivial weighted projective fi- 

bration. Let y be a regularly embedded substack of the stack X. Let tt : X — > X be a 
weighted blow-up of X along Y, namely, 

X = Proj(e„>oX„) 

for an increasing filtration {Tn}n>o of the ideal Ty of Y in X, such that Iq = Ox-, 
X\ = Xy and X„X„t ^ X^+n for all m, n > 0. In addition, assume that the filtration 
{2n}n>o satisfies the following properties ([MMl], section 3), 

(1) Jfe n Xy = Ylj=lXjXk-j, 

(2) Xfe/(Xfe nXy) is a subbundle of the conormal bundle Xy/Xy. 

such that, if X is smooth then the weighted blow-up stack X is also smooth. 
Then the reduced structure of the exceptional divisor in X is 

E = Proj(e„>oX„/X„+i), 

and In := vr^Xg. Thus £^ is a locally trivial weighted projective fibration. We recall the 
following (Lemma 3.1 in [MMl]) description of the Chow ring of E. 
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Lemma 2.1. a) The normal bundle in A := Spec(®„>oIn/2'„_|_i) of the fixed locus Y 
under the natural C* action on A is 

J^Y\A = ©n>lA/'n/A/'n+l, 

where {J^n}n is the filtration of the normal bundle My\x dual to the filtration {In/{In H 
b) There is a ring isomorphism 

' <Pyix{t)>' 

where Py\x (0 is the top equivariant Chem class of the bundle My\a ■ -^^ particular, the 
free term o/-Py|x(0 is the top Chem class ofNY\x- is the first Chem class o/0£;(l). 

Conversely, given a locally trivial weighted projective fibration p : P ^Y, with a 
sheaf £ on P such that P = Proj(©ri7r*>C"'), then P can be understood as the exceptional 
divisor of the following weighted blow-up: 

X := Spec(©n£") ^ X := Spec(©n7r*£"). 

Lemma 2.1 sets up the context for calculating the Chern classes of the locally trivial 

weighted projective fibration p : £■ y by deforming E to a weighted projective bundle 
on Y and applying the Euler's sequence from Appendix. Indeed, with the notations 
above, consider the standard deformation D = Blyx{oo}(^ x F^) \ A oi A to the total 
space Ny\a of the normal bundle A/yi^, where A = B\y A is one of the components of 
the fibre over oo of Blyx{oo}(^ x P^) ^ Thus the fibre over oo of ^ PMs Ny\a, 
and the action of C* over ^4 x P^, with fixed locus y x P^, induces a natural C*- action on 
D. Moreover, due to Lemma 2.1, a), the quotient of Ny\a by C* is a weighted projective 
bundle, and push-forward by the composition 

Ny\a/C* ^ D/C* ^ E ^ E 

induces an isomorphism between the Chow rings of E and of the weighted projective 
bundle iVyi^/C*. We obtain the following 

Proposition 2.2. Let p : P ^ Y be a projective fibration as above, and Qn '■= 
■^wn / J^w„+i ! fof all indices Wn such that Nwn ^Wn+u on which C* acts with weight 
Wn- Then the total Chem class 

c{P)=p*c{Y)llciQn(^C'^'""), 

n 

with C := Op{l) and c{Qn C®'^") := + + WnCi{£.)) where Qi are the Chem 
roots of Qn . 

Proof. Let i^o ■ Ny\a/C* ^ D/C* and iq : P ^ D/C* be embeddings of fibres in the 
fiat family D/C* ^ and let g : D/C* — ^ P be the natural projection obtained after 
taking quotients of D ^ A, such that qoiQ = idp. Then by projection formula and the 
rational equivalence of fibres, 

io*c(Tp) = io*^o'^/c* = ioo*i*oo'^D/C* = ^oo*c(iVy|A/C*), 
and thus after composing with q^, 

c(Tp) = g*ioo*c(iVy|A/C*), 
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which by Appendix and Lemma 2.1 is of the form described in this Proposition. □ 

2.2. Model for a weighted blow-up. We start our Chern class calculations with the 
most approachable type of weighted blow-up: when the blow-up locus is the fixed locus of 

a C*-action on the entire space. In this case, equivariant cohomology techniques permit 
the recovery of Chern classes of the blow-up from their pull-backs to the exceptional 
divisor, which in turn are easily computable. 

Let y be a stack, A a C*-equivariant affine bundle on Y such that the C*-action 
on A induces a decomposition of the normal bundle of the fixed locus Y 

^^Y\A = ®hQn 

with weights {wn}n and rk Q„ = A;„. Let Oy denote the trivial line bundle on Y . 
Consider the torus T := C* x C* action on ^ x Oy coming from the individual action 
of the first C* on A and the second on Oy- In this subsection we will denote hy X := 
P"'(^ © Oy), the locally trivial weighted projective fibration obtained as a quotient of 
A X Oy by C* embedded diagonally in T, by Y := f""{A), and by X := P(C'^(-l)©Oy). 

We obtain a blow-up diagram 




where the embedding Y = ¥{Oy) ^ ¥'^{A®Oy), similarly j -.Y ^ X is the embedding 
Y = P(Oy) ^ P(C'y (— l)®C>y), the exceptional divisor in the weighted projective blow- 
down f : X ^ X. 

Proposition 2.3. Keeping notations from above, assume that for each n, the total Chern 
class c{Qn) = Ck„{Qn) + ••• + ci(Qn) + 1 Can be written as the pullback of a class p{Qn) = 
PkAQn) + - +Pi(Qn) + 1 e H*iX;Q). 

dx) = rcix)^^^')iiLiP^Qni-wr.^)), 

nLiP(2n) 

where E is the class of the exceptional divisor and p{Qn{wns)) ■= IlfeiC'*? + ""^n^ + 1) 
where the pullbacks of ai on Y are the Chern roots of Qn ■ 

Proof. The morphism / is equivariant with respect to the natural C* := r/C*-actions 
on X and X with the weights specified above, such that Y and the section at infinity 

are the fixed loci for the C*-action on X, and Y and the section at infinity arc the fixed 
loci for the C*-action on X. Thus the diagram above yields another weighted blow-up 
diagram 

3c* 

Yc* ^ Xc* 




where Zc* := Z xc* EC* for each stack Z, and BC* is the classifying space of C*, with 
universal family EC*. As noticed above Yc* = Y and Yc* — Y. 
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In the following, for easiness of notation, we will drop the subscript C* for maps, 
and only employ it to denote equivariant classes. 

In the equivariant cohomology ring Hj^, (Y) 

= eC*(F)eC*(AA^|^), e^\i*iTx)) = e^\Y)e^\Ny^x). 

fe^\X) ^ e^*{^fY\x)e^\Y) ^ (-^ + 1 + 1) RLi ^(QnKC)) 

where ^ is the first Chern class of Cy(l). 

Let a := e"^' {X) / f* e"^* {X) - 1 and P{t) := ^-^+'+p^\=MQ^^-^^0) _ ^e note 

iin=l P\Qn{Wnt)) 

that P(^) = 0. Thus /3 := P{t) /(t — is well defined and by the self intersection formula 
on the exceptional divisor, 

(2.1) j*a = 3*3,(3. 
By the Atyiah-Bott localization theorem, 

(2.2) a = 3,^^. - + U 



where j -.Y ^ X and I : ^ X are the two fixed point loci of X under the C*-action. 
On the one hand, by relation 2.1 

. fa ^ . fj*P ^ . a 

and on the other hand, as the section at infinity = P"'(iV) and Y are disjoint, 
= I* f*Tx and thus the second term on the right hand side of equation 2.2 is zero. 
Thus in fact a = j*(3 which implies 

gC*.^x ^ (^ + t + l)nLlP(Qn(-^n^)) 
\{'n=lP{Qn{Wnt)) 

The classical limit t ^ yields the desired relation. 

□ 

2.3. Deformation to the weigthed normal cone. Returning to the general case, let 
y be a regularly embedded substack of the stack X. Let vr : X — > X be the weighted 
blow-up of X along Y for an increasing filtration {In}n>o of the ideal ly, satisfying 
properties (1) and (2) in 2.1. The ideal sheaf J o^Y x {oo} in X x admits a filtration 
formed by the sheaves Jn ■= Yl^=o^k^^~^ where K, is the ideal of oo in pulled back 
to X X P^. Let M = Proj(©„^„) be the weighted projective blow-up of X x P-*^ along 
Y x {oo} with the filtration {Jri}n- 

The usual properties of the deformation to the normal cone carry out for this 
construction with the suitable changes in weights: 

(1) There is a natural closed regular embedding J : y x P^ M. 

(2) The composition p = p2 o P of the blow-up map P : M ^ X x P^ with the 
projection p2 X x ¥^ ^ ¥^ is a flat morphism of stacks, and the following diagram 
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commutes 




(3) Over \ {oo}, the preimage p ^ {h}) = XxA} and J is the trivial embedding. 

(4) As a Cartier divisor, 

Moo := p'\^)=P + X, 

where P = Proj(©rt>o Jn/Jn+i) is a locally trivial weighted projective fibration and 
X = Proj(0n>o2n) is the weighted blow-up of X along the locus Y. Both P and X 
are Cartier divisors of M, intersecting in E := Proj(©„>oX„/X„_|_i), which is embedded 
as the section at infinity in P and as the exceptional divisor in X. On the other hand, 
Yoo = ^ X {do} embeds in M^o as the zero section in P and is thus disjoint from 
X^M^. 

The proof is analogous to [F], (5.1). 

Theorem 2.4. Consider the weighted blow-up f : X ^ X of a stack X along a regularly 
embedded substack Y with an increasing filtration {In}n>o of the ideal ly, satisfying 
conditions (l)-(2) in 2.1. Let {Mn}n denote the filtration of the normal bundle Ny\x 
dual to the filtration {Xa/{Tn nZy)}^ ofXylXy. Let Qn = Mn/J^n+i- 

Assume that for each n, the total Chern class c(Q„) = Ck„{Qn) + ••• + ci(Q„) + 1 
can be written as the pullback of a class p{Qn) = PkniQn) + ••• +Pi{Qn) + 1 G H*{X] Q). 
Then 

nUiP(e») 

where E is the class of the exceptional divisor in X and p{Qn{wns)) := Yli=i{ai+WnS+l) 
where the pullbacks of ai on Y are the Chern roots of Qn ■ 



Proof. Let M be the weighted blow-up of M along y x with the filtration r*T„, were 



r = pi o P is the composition M — > X x 

oo G P^ 



X. Looking at the fibres over and 



~ 30 ~ Joe ~ 

X ^M^ P + X 



fo 



X 







JO 



F fo. 

M-* P + X 

p 

■ pi ■< oo 



The embeddings joo, respectively split into k : P ^ M, I : X ^ M, respectively 
k : P ^ M, I : X ^ M, where F o I and / can be naturally identified. Pulbacks of the 
quotient sheaf Gm ■= T^/F*Tm yield j'^^m = Go ■= T^/ f^Tx and ~f^GM = Goo which 
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on P is the quotient ^^^(JJi)//*-^' ^ ^^^^ sheaf. We note that the maps 

of locally free sheaves on stacks 

Tj^^F*Tm, r^^r^Tx and T^^/^Tp 

are monomorphisms, as M and M are isomorphic outside the exceptional divisor and its 
image, etc. Moreover, 

jo*c(^o) = jo*joc{gM) = c(^m) • Mq 
which by rational equivalence is identified with 

c(^m) • Moo = joo*c(^oo) = hc{g^^p) + X , 

as 1*c{Qm) = c(1*Qm) = 1 on X. On the one hand, the formula for c{Q^^p) is given by 
??. 

On the other hand, M is isomorphic to the blow-up of X x along E x {cxd}, 
where E is the exceptional divisor of X. As such, there is a map P : M ^ X x whose 
composition q with the projection X x ^ X, satisfies qo jo = id j^. From this and 
the model case in Proposition 2.3 we recover the general formula in the theorem. 

□ 



3. The moduli space MQ „^{¥'^,d) 

3.1. Let 171,71,(1 be nonnegative integers. In this section we apply the general theory 
for weighted blow-ups along regular local embeddings to calculate the total Chern class 
of the moduli space of stable maps Mo^m(^"',d). We first set up the context by briefly 
recalling the blow-up constructions of Mo^„i{F^,d) from [MMl] (for m = 1), [MM2] (for 
m > 1), and [10] (for m = 0). They pertain to a family of smooth Deligne-Mumford 
stacks Mo,^(P", d, a), and of weighted blow-ups 

Mo,A{^'',d,a) ^Mo,A'{P'',d,a'), 

where a,a' e Q, A = (04, am), A' = {a[, a^) G such that 

EI=i ai + da> 2, ^™ ^ a'^ + da' >2, a > a' > 0, 1 > aj > a'j > 

for all j = l,...,m. Here -/Vfo,^(P", c?, a) is the stack of {A,a)~ weighted stable maps as 
defined in [MM2], parametrizing families of rational curves tt: C ^ S, whose fibers are 
either smooth or with nodes as singularities, with m marked sections not intersecting the 
nodes of the fibers, a line bundle £ on C of degree d on each fiber Cg, and a morphism 
e : Oq'^^ L (specified up to isomorphisms of the target) satisfying a series of stability 
conditions: 

(1) '^c\S^CLj'i=\ O'iPi) <^ is relatively ample over S, 

(2) Q := cokere, restricted over each fiber C^, is a skyscraper sheaf supported only 
on smooth points of Cs, and 

(3) for any s £ S and p £ Cs and for any / C {1, ...,m} (possibly empty) such that 
p = Pi for all i G S* the following holds 

ai + a dim Qp < 1. 
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Let C be a curve. A tail of C is a closed connected subcurve C of C with the 
property that C \ C" is connected. 

Definition 3.1. / C V{D)\{^, D} is a nested set if, for any two h, h' G /, the intersection 
hP\h' \s either h, h' or 0. 

Definition 3.2. Fix a positive number k < d and a nested set / C P \ {0, D} such that 
/i n ^' = for any distinct h, h' G I<d-k- 

is defined in [MMl], (Proposition 2.3) as the stack of /-type, fc-stable, degree 
d maps from a rational curve into P", i.e. 

(C,pi, {ph}hei<i^k^ {C/Jfte/>d_fc,'C, e) 

of a fe-stable, degree d pointed map (C,pi,C, e), together with marked points {ph}hei<d-k 
and connected subcurves {Ch}h£i^^_^ satisfying the following properties: 

(1) V/i G />d_fe, pi^ChCC and deg£|^^ = \h\; 

(2) V/i G I<d-fc, dimcokercp^ = \h\; 

(3) compatibility of incidence relations: 

• V/i G /<d-fc, yh' G />d_fe, /i C /i' iff pft G Cft/; 

• V/i, /i' G I>d-kj if ^' C /i, then Ch' C C/j, if /i C /i', then Ch C C/i', otherwise 
Ch n C,,. = 0; 

A curve C which admits a set of points and components with the above properties 
is said to be of /-splitting type. 

1^ 

We note that while for the generic curve parametrized by Mj, all tails and base 
locus points are marked by elements of /, other curves, represented by points in the 
boundary of Mj, may have unmarked tails and base points. It is due to such points that 

the maps Mj Mj are in general only local embedding. This suggests that marking 
all components and base points of curves and their maps will result in a moduli problem 
for the stack Mo,m(lP"^) f^)' as in section 1. 

Definition 3.3. Consider the moduli functor from schemes to sets, associating to any 
scheme S the set (^, a)-stablc, degree d pointed maps (C — >■ >S', £, e), 

together with a collection {Pgl^gs of partitions 

of the set D = {1, d}, one for each s £ S, such that for every s G 5, the set 

Ns = { irreducible components of the curve C^} U {x G coker Cx / 0}, 

and the partition is compatible with the structure of the map given by (£., e) in the 
following sense 

(1) If a G A^s corresponds to the component C C then \Ba\ = dcgC^^; 

(2) If a G A^s corresponds to the point x & Cs then \Ba\ = dim coker Ca,. 

A set of data as above will be called a semi-rigid (A, a)-stable map over S. An 
isomorphism of semi-rigid {A, a)-stable maps is an isomorphism of {A, a)-stable maps 
which also preserves the partitions of D. 
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Let Mo,y^(P™, d, a)' be the stack associated to Mo,^(P'", cZ, a)' and ah the local 
embeddings Mj Mo,^(P™, d, a), like in Theorem 1.9. 

Theorem 3.4. The moduli problem of semi-rigid {A, a)-stable maps is finely represented 
by the Deligne-Mumford stack MQ^^{F"-,d,a). 

Proof. For any semi-rigid {A, a)-stable map (C —i- S, {]3i}ie{i,...,m}) ^) {Pslsgs) a map 
S Mo,^(P"*,d, a) is obtained by forgetting the D-partitions. The partition Pg on 

each fiber Cg over s G S completely determines the splitting types of Cs and thus the 
fiber product S[ := S ><m„^(p" da) ^ I embedded in S, for each I as above. By the 

universal property 1.5 of Mq ^^(P'^, d, a), there is a map 

5^Mo,^(P",d,a) 

commuting with the map to Mo,^(P", d, a). As such, (C — > S, {pi}iG{i,...,m}) is the 
pullback of the [A, a)-stable map structure of the universal family on Mq ^^(P"*, d, a). As 
for every s E S, the partition Pg on Cg is completely determined by the set {/; s € Si}, 
it follows that the partition Pg is also inherited by pullback from the universal family on 
M;,^(P-,d,a). 

□ 



Thus for m > 1, the moduli space of stable maps with marked points Mo,m(P", d) 
corresponds to weights a > 1 and A = (1,1,...,1), and a sequence of birational con- 
tractions of Mo,m.(P"', fZ) is given by Mo,yij. (P", d, a^) with = for < e < 1 and 
Ak = (l,a/c) for d > A: > 0. When m = 1, the last member in the sequence of 

contractions, Mo,i(P", d, ad_i) is a weighted projective fibration F{A) over P" described 
in [MMl], Lemma 3.3. 

The normal bundle of the zero section J\fpn\A = ©fcA/fe/A/fe+i, where 

C* acts on the bundle Af = ffifcA/fe/A/fe+i with weights (1, d) and thus by the total 
Chern class 



:(Mo,i(P", d, aa-i)) = (1 + Hr+\l + V)"' H k^pr+' 

k=l 



More generally for any /, denote Ij := \ Uhei h\ and sj be the number of maximal 
elements of I, i.e. elements h E I such that there is no h' E I with h C h'. 

The normal bundle 



admits a natural filtration {J\fk}k described in Lemma 3.2. Here 



A4 = (0|n ® ®£t'^^'^~''~*'^C?pn(l))/Opn 
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C* acts on the bundle N = Ok-^kf-^k+i with weights (1, ...,d — Ij). Thus according to 
formula ... the total Chern class of the weighted projective fibration M ^ over P" is 

d-li 

c{Mf-^) = (1 + + ipyi-^ W{i + H + itpy+\ 



1=1 



The normal bundle of the blow-up locus for Mj ~ Mj when — 1} and 

the weights of the appropriate C* action on it have been calculated in [MMl], Lemma 
3.21. Let h G 'P{D) be such that \h\ = k and denote by //j C I the set of all h' £ I such 
that h' (lh = $. The essential ingredients for the Chern class calculations are the classes 

i^h = - ^ Dh' and iPf^ = - ^ Dh>, 

h'Dh h'Dh 

Hi,h = H + {d-\hU {Uh'eih'm - Yl \^'\('^ ^ {yJh"eih"))\Dh'. 

h'Dh 

The top equivariant Chern class of the normal bundle Njj'^k ^jj'^k when evaluated at 
t = Dh is 

and thus formula 2.1 reads in this case 

* ' * ' 'il (i+<)i''i-'nit\"-''\i ■ 

Iterating the formula above for all A; G {1, d — 1}, 

Theorem 3.5. The total Chern class of the normalized stratum M"* ofTt^'' 

c(Mf) = (1 + Hy+\i + v)^-' Utii^ + H + i^T+^ 

where the product is taken after all h such that /U{^} is still a nested set. Ij := \ Uheih\ 
and si is the number of maximal elements of I. 

In particular, 

where = H + {d — \h\)'ip — ^i^^i-^i^ \h'\h\Dhi is //^ from above. As described in 
[MM2], the spaces Mo,m(IP") d, a^) with k G {l,...,ci — 1} can be thought of as normalized 
substrata of Mo,i(P", d+m — 1, ak). More precisely, after choosing a privileged point 1m 
among the m marked points, and adding the rest of marked points M' = {2m, ■■■jItim} 
to the set of component/base locus {1/j, do} to form D' = {1/j, do, 2m, h^m}, 
one can write 

Mo,^(P^c^,afc)^M^'= 
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for I = {{2m}, {3m}, {dM}}- Thus 

c(Mo,^(p",d)) = (i+ij)"+i(i+vr-2nti(i+^+#r+^ 

where hu = hr\ {2m, mu} and 

= H + \D\h\i^-Y,\Df^ h'\h\Dh'. 

h'Dh 

In particular, one recovers the formulae for the first Chern classes as calculated in 
[P] and in a more general setup in [DJS] 

Let / : Mo,i(P", d) ^ Mo,o(P", d) be the forgetful morphism. In [10] this has been 

split into a sequence of simple blow-ups and a relatively simpler fibration U^^^ ^^^'^^ 
Mo,o(F",d). 

Choose I := {h C {1, •••,£?}, \h\ > d/2} if d is odd, and let / additionally contain 
half of the sets h with \h\ = d/2 if d is even, under the condition that no two sets h, h 
are simultaneously in I. The class 

hei 

can be considered as the 0(l)-line bundle for the fibration above. When d is odd, ip'j is 

the pullback of the relative cotangent class for the morphism U^^'^ Mo,o(]P", f^)- 

The classes with h £ I are pullbaeks of the classes of the exceptional divisors on 
Mo,i(P'^, d). A formula comparing the total Chern classes, 

r(c(Mo,o(p",d))) = c(Mo,l(p^d))^gI^il^^>^^ 

where P{il^i) and Ph(—Dh) are the quadratic expressions in [MM2], Theorem 3.3., (1)- 
(2). Proposition 2.1. in [10] shows how to recover the class c(Mo,o(P"', d)) from its 
pullback. 



Appendix. Euler's sequence for a weighted projective bundle 

Let 3 : P ^ F be a weighted projective bundle and a smooth morphism of stacks. 
With the notations from above, consider the splitting My\a = such that for all 

n with Mn 7^ J^n+i there is a unique index i with Lj = Mn/J^n+i- Denote Wi = n the 
weight of the naturally induced C*-action on Lj. 

Let Tp|y = ker(Tp — > g*'TY) denote the relative tangent bundle oi g : P . 

Lemma 3.6. There is an exact sequence of vector bundles on P 

(3.1) ^Op ^eig*Li^Op{wi)— >Tp|y ^o. 

Proof. The weighted projective bundle P is locally trivial over Y, i.e. P^u = F[wo : ... : 
Wn] X U for each open set U in some open cover of Y. We first discuss briefly the case 
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of the weighted projective space V[wo : ... : Wn] = [SpecC[a:;o, ...jXn] \ {0}/C*], where C* 
acts on Xi with weight Wi. 

An etale presentation of the Dchgnc-MTimford stack is V[wq : ... : Wn] is given by 

U ^^j^ u 

ije{0,...,n} ie{0,...,ra} 

where Vi = C", Vij = Vji = C^"^ x C* with coordinates {vf}ke{Q,...,n}\{i} such that 
vf ^ 0, the etale maps (plj : Vij —i- Vi given by 

with {vl)'^^ in the j-th position, and the change of coordinates 

k 

on Vij. 

Let {u^}ke{o,...,n}\{i} denote natural coordinates on Vi, such that the map to the 
coarse moduli space V[wo : ... : Wn] ^[wq : ... : Wn] sends {ui )k£{o,...,n}\{i} € to the 
point [u^ : ... : 1 : ... : uf] with 1 in the i-ih. position. 

The line bundle Cp[ioq:. ..:«,„](!) is determined by the trivialisations Lj = x C, 
with gluing maps 

given by (f^ijSj = vl(l)l*Si, where Sj and Sj are the unitary sections on Lj and Lj. Thus 
^'P[wo:...:wn]i^) is the pullback of the line bundle Op[^„p.,,,.^^](l) on the coarse moduli 
scheme, whose total space is 

F[wo : ... : u-n : d] \ {[0 : ... : : 1]} ^ F[wo : ... : Wn]. 

Here d = gcd {wq, ...,Wn) = 1 and the map above is the projection on the first {n + 1) 
coordinates. Each weighted projective coordinate Xj gives rise to a global section of 
^'e[wo:...:w„\{'^i)-i whose pullback to Op[u,(,:...:tt,„](tUj) will be denoted by xi as well. 

Note that the condition gcd (lUo, ...,^«n) = 1 implies the smoothness of the stack 
V[wq : ... : Wn\. The tangent bundle to V[wq : ... : Wn] is determined by the vector 
bundles Ty^ = x C" with isomorphisms 

€^ = C^' 

identifying 

Indeed, 4^Ti, = (4,) = 4,}^^^^ ^^^^^^ (jf,) = J-(^)-.-lj|,>, and the 

identifications above are naturally derived from the change of coordinates vf into Vj. 



THE STRUCTURE OF A LOCAL EMBEDDING AND CHERN CLASSES OF WEIGHTED BLOW-UPSS 



The short exact sequence 

(3.2) > Cp[M;o:-:tfn] ^ ®iOr[wo:...:w„](,'Wi) > ^[wo:.-:«'n] ^ 

is defined locally by 

<t(1) := {woXo, ...,WnXn), 

and by the presentation of the bundles above this is well defined globally. 

Given a weighted projective bundle g : P = [A/C*] — >■ Y with weights {wq, ..^Wn)-, 
consider two open embeddings U,U' ^ Y and trivializations xjj : = U x C""*"^ and 
xu' ■ A^fji = U' X C"^^, with gluing morphisms over U Xy U' 

= {ifo, ipn) ■.{UxyU')x C"+i ^ C'+\ 

such that ^pi is homogeneous of degree Wi with respect to the given weights. For each 
trivialisation above there is an etale presentation 

LJ {VijxU)^ □ {VixU)ioi P\g-,u, 

i,je{Q,-,n} ie{0,...,n} 

respectively □ {V(^xU')^ \_\ {¥( x U') io^ P\g-iu' ■ 

ijG{0,...,n} i6{0,...,n} 

Let gij denote the restriction of g to P\g~\jj, and similarly for U' . Fullback of the 
trivialization xu to V-iXp (/^(^|^), of xjj' to 1^ x p g'^^A^u) and of the gluing morphism 

if to {{Vi xU) Xp {Vl X U')) X C"+^ amounts to choosing a root ^\^^'' of ipi such that a 
point {Vi xU) Xp iy! x U') admits a change of coordinates 

= fji9{u),Pi{u))(Pi'"'^'"\g{u),pi{u)), 

where u = {g{u),{ul)j^i) and Pi{u) = (u^, 1, u") G C""*"-^, with 1 in the i-th 
position. Thus differentiating, 

for j 7^ where the functions ip^j := define a local change of basis for the pull- 
back of the normal bundle My\a ^'^'^ '-Pi defines a local change of basis for Op(\). 
Furthermore, as P is a weighted projective bundle, = unless Wk = Wj 

This proves that the trivial extensions of the exact sequence () to Pj^-i^jy) and 
glue to a restriction of the sequence () on P^g-l(^^^y^ly □ 
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